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1. Introduction
Let D denote the unit disc in the complex plane and let dA denote the normalized Lebesgue area measure on D. Given
a nonnegative integrable function ω on the unit disc, we denote by Lpa (ω), p > 0, the space of analytic functions in D with
‖ f ‖pp,ω =
∫
D
| f |pωdA < ∞.
The weights considered in this paper are the so-called Békollé weights (see Preliminaries for more details), which are the
Bergman space analogues of the Muckenhoupt classes Ap used in harmonic analysis. For this class of weights the corre-
sponding Bergman space Lpa (ω) is a closed subspace of L
p(ω), p > 0. One of the objectives of this paper is to characterize
those positive measures μ on D such that the inequality(∫
D
∣∣ f (n)∣∣q dμ)1/q  k‖ f ‖p,ω (1.1)
holds for any f ∈ Lpa (ω), where ω is a Békollé weight, and 0 < p,q < ∞, n ∈ N are ﬁxed. The case 0 < p  q < ∞ for
Bergman spaces with standard weights ω(z) = (1 − |z|2)α , α > −1, was thoroughly investigated in [12,7,15,10]. In order
to handle the case 0 < q < p < ∞ for standard-weighted Bergman spaces, Luecking [8] developed an approach based on
Khinchine’s inequality. The special case corresponding to 1 < p  q < ∞, n = 0 in (1.1) of Bergman spaces with Békollé
weights was treated in [6]. In the present paper, we adapt Luecking’s approach to extend the results mentioned above
to Bergman spaces with Békollé weights for the whole range 0 < p,q < ∞. Once this is accomplished, we obtain as an
immediate consequence the characterization of boundedness and compactness of Toeplitz-type operators and a class of
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Toeplitz operator Tμ acting on L2a(ω), given by
Tμ f (z) =
∫
D
f (w)K (z,w)dμ(w), f ∈ L2a(ω),
where ω is a Békollé weight and K (z,w) is the Bergman kernel in L2a(ω). An example of Tμ appears naturally in connection
to composition operators (see also [9]). For an analytic function φ :D → D, the composition operator Cφ : L2a(ω) → L2a(ω) is
deﬁned by Cφ f = f ◦ φ. If dmω denotes the measure ωdA and μ is given by μ(E) = mω(φ−1(E)) for any Borel subset E
of D, the following holds
C∗φCφ = Tμ.
Therefore the study of Tμ yields information about properties of Cφ . For background material on composition operators we
refer to [13,14,5]. Moreover, for an analytic function g in D, we consider the Volterra type integration operator deﬁned for
f ∈ Lpa (ω) by
T g f (z) =
z∫
0
f g′ dζ.
Another objective of our paper is to investigate the membership of the operators Tμ , Cφ , and T g to the Schatten
classes S p . For Toeplitz operators Tμ acting on standard-weighted Bergman spaces, Luecking [9] found necessary and suf-
ﬁcient conditions on the positive measure μ for Tμ to belong to S p , p > 0. We extend these results for p  1 to Bergman
spaces with Békollé weights. As a corollary, we obtain necessary and suﬃcient conditions for Cφ : L2a(ω) → L2a(ω) to belong
to S p , p  2, generalizing a result in [9]. Concerning the operator T g , Aleman and Siskakis [2] obtained complete char-
acterizations of the Schatten class membership in the setting of standard-weighted Bergman spaces. We generalize their
results to Békollé weights for p  2. We would also like to point out that the spectrum of T g : L2a(ω) → L2a(ω) was recently
characterized in [1].
The paper is organized as follows. In Section 2 we present the class of weights we are working with together with some
deﬁnitions and other relevant facts that we use throughout the paper. Section 3 is devoted to Carleson-type inequalities for
functions in Lpa (ω) and their derivatives. Section 4 is dedicated to the study of the Toeplitz operator Tμ . In Section 5 we
prove that the integration operator T g belongs to S p , p  2, if and only if the symbol g is in the analytic Besov space Bp .
Finally, in Section 6 we show how the properties of Tμ reﬂect upon the composition operators Cφ .
2. Preliminaries
Throughout our considerations k will stand for a generic positive constant whose dependence on parameters will be
indicated whenever it is relevant. As usual, for two real-valued functions E1, E2 we write E1 ∼ E2 if there exists a positive
constant k independent of the argument such that 1k E1  E2  kE1.
Let us ﬁrst gather some known facts about Békollé weights. Let us denote by Aη , η > −1, the measure given by dAη =
(η + 1)(1− |z|2)η dA. For p0 > 1 and η > −1 the class Bp0(η) consists of the weights ω with the property that there exists
a constant k > 0 such that( ∫
S(θ,h)
ωdAη
)
·
( ∫
S(θ,h)
ω
− p
′
0
p0 dAη
) p0
p′0  k
[
Aη
(
S(θ,h)
)]p0
for any Carleson square
S(θ,h) =
{
z = reiα: 1− h < r < 1, |θ − α| < h
2
}
, θ ∈ [0,2π ], h ∈ (0,1),
where 1p0 + 1p′0 = 1. This condition is essentially related to the boundedness of the standard-weighted Bergman projection
Pη f (z) =
∫
D
f (ζ )
(1− ζ¯ z)η+2 dAη(ζ )
as an operator from Lp(ω) into itself. Recall that
Kηz (ζ ) = 1
(1− ζ¯ z)η+2 , ζ ∈ D (2.2)
is the reproducing kernel in L2,ηa = L2a((1−|z|2)η), that is, for f ∈ L2(Aη), Pη f is just the orthogonal projection of f on L2,ηa .
In [3] Békollé proved the following remarkable result about the classes Bp0(η).
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(i) Pη is a bounded linear operator from Lp0(ω) onto L
p0
a (ω).
(ii) The sublinear operator P˜η deﬁned by
P˜η f (z) =
∫
D
| f (ζ )|
|1− ζ¯ z|η+2 dAη(ζ )
is bounded from Lp0(ω) into itself.
(iii) ω
(1−|z|2)η belongs to Bp0(η).
Note that Bp0(η) ⊂ Bp0(γ ) if −1 < η < γ and by Hölder’s inequality Bp0(η) ⊂ Bq(η) if q > p0. The following lemma
provides a precise asymptotic estimate for the weighted Bergman norms ‖K γλ ‖p,ω .
Lemma 2.1. (See [4].) Let p > 0, p0 > 1, α ∈ (0,1), η > −1 and suppose p0  p. Assume that ω(1−|z|2)η ∈ Bp0(η) and let γ 
(η + 2)p0/p − 2. Then
∥∥Kγλ ∥∥p,ω ∼ (
∫
Dλ,α
ω(z)dA(z))1/p
(1− |λ|)γ+2 ,
where by “∼” we mean that the involved constants are independent of λ ∈ D.
In order to state our next two lemmas we introduce the following larger class of weights usually denoted by Cp0 .
A weight function ω belongs to Cp0 , p0 > 1, if there is a constant k > 0 such that( ∫
Dλ,α
ω(z)dA(z)
)( ∫
Dλ,α
ω−p0 ′/p0(z)dA(z)
)p0/p′0
 kAp0(Dλ)
for every disc Dλ,α = {z ∈ D: |z − λ| < α(1 − |λ|)}. Here α ∈ (0,1) is ﬁxed, but the class Cp0 is actually independent of
α ∈ (0,1) (see [11]). Moreover, Bp0 (η) ⊂ Cp0 for every η > −1 and the inclusion is strict since the condition deﬁning Cp0
does not require the integrability of ω−p′0/p0 . The weights in Cp0 have the following useful property:
Lemma 2.2. Suppose ω is a weight function that belongs to the class Cp0 for some p0 > 1, and let α,β ∈ (0,1), λ ∈ D. Then for
z ∈ Dλ,α we have∫
Dλ,α
ωdA ∼
∫
Dz,β
ωdA,
with constants independent of z, λ.
Proof. Notice that if Dz,β ⊆ Dλ,α , our hypothesis on ω implies∫
Dz,β
ωdA 
∫
Dλ,α
ωdA  k
(
1− |λ|2)2p0( ∫
Dλ,α
ω
− p
′
0
p0 dA
)− p0
p′0
 k
(
1− |z|2)2p0( ∫
Dz,β
ω
− p
′
0
p0 dA
)− p0
p′0  k
∫
Dz,β
ωdA.
Above we used the fact that (1− |z|) ∼ (1− |λ|) for z ∈ Dλ,α .
Also, if β  1−α1+α we have Dz,β , Dλ,α ⊆ Dλ,(α+1)β+α , and by the above reasoning we get∫
Dλ,α
ωdA ∼
∫
Dλ,(α+1)β+α
ωdA ∼
∫
Dz,β
ωdA.
The statement follows now in general, for β ∈ (0,1), since if β ′ < β , then ∫Dz,β ωdA ∼ ∫Dz,β′ ωdA. 
Moreover, point evaluations are bounded linear functionals on Lpa (ω), with ω ∈ Cp0 , and hence Lpa (ω) is closed in Lp(ω).
The following lemma is well known (see for example [4]).
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on Lpa (ω). More precisely, we have the following estimate∣∣ f (z)∣∣ k
(
∫
Dz,α
ωdA)1/p
‖ f ‖Lpa (ω),
where the constant k > 0 is independent of z ∈ D.
We shall frequently use in our further considerations a c-adic decomposition Dc of D in “curved” rectangles (see [4]),
that we are now going to describe. For ﬁxed c ∈ (1, 98 ) and each n = 0,1,2,3, . . . we let ρn = 1 − 1cn and we consider the
annulus
An =
{
z: ρn  |z| ρn+1
}
. (2.3)
For every ﬁxed n 1 we divide the annulus An in M(n) = [ 2πcn+1c−1 + 1] equally sized “curved” rectangles deﬁned by
Qn,k =
{
z = reit : 2πk
M(n)
 t  2π(k + 1)
M(n)
, 0 r < 1
}
∩ An, (2.4)
where k = 0,1, . . . ,M(n) − 1. We let {Q i}i2 be an enumeration of all sets obtained in this way, set Q 1 = A0 and choose
an arbitrary point λi ∈ int Q i . Note that our geometric construction implies Q i ⊂ Dλi ,1/2, and, for α ∈ (0,1), the maximal
number of discs Dλi ,α , i  1, that intersect a ﬁxed Dλi0,α from the family is a ﬁnite number that we denote by I .
We conclude this section with the following deﬁnition. A compact linear operator T on a Hilbert space H belongs to the
Schatten class S p, p > 0, if the singular numbers sn(T ) form an lp sequence. The singular numbers of the operator T are
deﬁned by
sn(T ) = inf
{‖T − K‖: rank K  n}, n 1.
3. Embedding theorems for functions in Lpa (ω) and their derivatives
The next theorem gives the characterization of the measures μ for which (1.1) holds for 0 < p  q < ∞.
Theorem 3.1. Let ω be a weight function such that ω(z)/(1− |z|2)η belongs to Bp0(η) for some p0 > 0, η > −1. Consider a positive
ﬁnite Borel measure μ on D and assume q p > 0, n ∈ N. Then there exists a constant C > 0 such that(∫
D
∣∣ f (n)∣∣q dμ)1/q  C‖ f ‖p,ω, f ∈ Lpa (ω), (3.5)
if and only if μ satisﬁes
μ(Dλ,α) C ′
(
1− |λ|2)nq( ∫
Dλ,α
ωdA
)q/p
, λ ∈ D, (3.6)
for some constant C ′ > 0 independent of λ, and for some α ∈ (0,1).
Proof. Let us ﬁrst show the suﬃciency of (3.6). Let 0 < β < α/(α + 1). For f analytic in D, we ﬁrst use the Cauchy formula
together with subharmonicity, and, subsequently, Hölder’s inequality to obtain
∣∣ f (n)(z)∣∣q/p0  k
(1− |z|2)2+nq/p0
∫
Dz,β
∣∣ f (ζ )∣∣q/p0 dA(ζ )
 k
(1− |z|2)2+nq/p0
( ∫
Dz,β
| f |qωdA
)1/p0( ∫
Dz,β
ω−p′0/p0 dA
)1/p′0
.
Since ω belongs to Cp0 we deduce
∣∣ f (n)(z)∣∣q  k (
∫
Dz,β
ωdA)−1
(1− |z|2)nq
∫
Dz,β
| f |qωdA. (3.7)
By the above estimate together with Lemma 2.2 we obtain
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D
∣∣ f (n)∣∣q dμ k∫
D
(
∫
Dz,β
ωdA)−1
(1− |z|2)nq
∫
Dz,β
∣∣ f (ζ )∣∣qω(ζ )dA(ζ )dμ(z)
 k
∫
D
∫
Dz,β
| f (ζ )|q
(1− |ζ |2)nq ∫Dζ,β ωdAω(ζ )dA(ζ )dμ(z)
= k
∫
D
∫
D
| f (ζ )|q
(1− |ζ |2)nq ∫Dζ,β ωdAχDz,β (ζ )ω(ζ )dA(ζ )dμ(z). (3.8)
For z ∈ D, δ ∈ (0,1) we consider the following set
D˜z,δ =
{
ζ ∈ D: |z − ζ | < δ(1− |ζ |)}.
Then as 0 < β < α/(α + 1), we have Dz,β ⊆ D˜z,α , and hence χDz,β (ζ ) χD˜z,α (ζ ). We also notice that F (z, ζ ) = χD˜z,α (ζ ) =
χDζ,α (z). Taking these facts into account, we can now come back to (3.8) to deduce∫
D
∣∣ f (n)(z)∣∣q dμ(z) k∫
D
∫
D
| f (ζ )|q
(1− |ζ |2)nq ∫Dζ,β ωdAχD˜z,α (ζ )ω(ζ )dA(ζ )dμ(z)
= k
∫
D
∫
D
| f (ζ )|q
(1− |ζ |2)nq ∫Dζ,β ωdAχDζ,α (z)ω(ζ )dA(ζ )dμ(z)
 k
∫
D
μ(Dζ,α)
(1− |ζ |2)nq ∫Dζ,β ωdA
∣∣ f (ζ )∣∣qω(ζ )dA(ζ ), (3.9)
by Fubini’s theorem. Our hypothesis on μ implies
∫
D
∣∣ f (n)(z)∣∣q dμ(z) k∫
D
( ∫
Dζ,β
ωdA
)q/p−1∣∣ f (ζ )∣∣qω(ζ )dA(ζ )
= k
∫
D
( ∫
Dζ,β
ωdA
)(q−p)/p∣∣ f (ζ )∣∣q−p∣∣ f (ζ )∣∣pω(ζ )dA(ζ )
 k‖ f ‖q−pp,ω
∫
D
∣∣ f (ζ )∣∣pω(ζ )dA(ζ ) = k‖ f ‖qp,ω,
by Lemma 2.3, and relation (3.5) follows.
To prove the necessity, assume (3.5) holds and let γ = (η + 2)p0/p − 2. We can assume without loss of generality that
p0  p, since, for p0  p′0, we have Bp0 ⊆ Bp′0 . It is enough to prove (3.6) for |λ| > 12 (the case |λ| 12 being straightforward).
Notice that |1− λ¯z| ∼ (1− |λ|) for z ∈ Dλ,α . Using this we get
μ(Dλ,α)
(1− |λ|2)(γ+2+n)q  k
∫
Dλ,α
∣∣∂nz Kγλ (z)∣∣q dμ(z)
 k
∫
D
∣∣∂nz Kγλ (z)∣∣q dμ(z)
 k
∥∥Kγλ ∥∥qp,ω
 k
(
1− |λ|2)−(γ+2)q( ∫
Dλ,α
ωdA
)q/p
,
where the last step above follows from Lemma 2.1. The above relation clearly implies (3.6). 
Let us now turn to the case 0 < q < p < ∞. For this we will make use of Khinchine’s inequality. Deﬁne the Rademacher
functions rn by
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{
1, 0 t − [t] < 12 ,
−1, 12  t − [t] < 1;
rn(t) = r0
(
2nt
)
, n 1.
Then Khinchine’s inequality is the following.
Khinchine’s inequality. For 0 < p < ∞ there exist constants 0 < ap  Bp < ∞ such that, for all natural numbers m and all complex
numbers c1, c2, . . . , cm, we have
ap
(
m∑
j=1
|c j|2
) p
2

1∫
0
∣∣∣∣∣
m∑
j=1
c jr j(t)
∣∣∣∣∣
p
dt  Bp
(
m∑
j=1
|c j|2
) p
2
.
Theorem 3.2. Let ω be a weight function such that ω(z)/(1− |z|2)η belongs to Bp0 (η) for some p0 > 0, η > −1. Consider a positive
ﬁnite Borel measure μ on D and assume p > q > 0, n ∈ N. Then there exists a constant C > 0 such that(∫
D
∣∣ f (n)∣∣q dμ)1/q  C‖ f ‖p,ω, f ∈ Lpa (ω), (3.10)
if and only if the function
D  λ → μ(Dλ,α)
(1− |λ|2)nq ∫Dλ,α ωdA
belongs to Lp/(p−q)(ω), for some α ∈ (0,1).
Proof. To show the suﬃciency, let 0 < β < α/(α + 1). As in the proof of Theorem 3.1, relation (3.9), we obtain the estimate∫
D
∣∣ f (n)(z)∣∣q dμ(z) k∫
D
μ(Dζ,α)
(1− |ζ |2)nq ∫Dζ,β ωdA
∣∣ f (ζ )∣∣qω(ζ )dA(ζ )
 k
∫
D
μ(Dζ,α)
(1− |ζ |2)nq ∫Dζ,α ωdA
∣∣ f (ζ )∣∣qω(ζ )dA(ζ ),
where the last step above follows by Lemma 2.2. By Hölder’s inequality we have∫
D
∣∣ f (n)(z)∣∣q dμ(z) k∥∥∥∥ μ(Dζ,α)(1− |ζ |2)nq ∫Dζ,α ωdA
∥∥∥∥
p/(p−q),ω
‖ f ‖qp,ω
and hence (3.10) holds.
It remains to prove the necessity. As before, we can assume without loss of generality that p0  p. For (c j) j ∈ lp , and for
γ = (η + 2) p0p − 2, deﬁne
f (z) =
∞∑
j=1
c j
Kγλ j (z)
‖Kγλ j (z)‖p,ω
,
where the λ j ’s correspond to a decomposition Dc of D described in Preliminaries, and can be chosen so that inf j1 λ j >
δ > 0. Then, by Corollary 2.2 in [4], we deduce
‖ f ‖p,ω  k
( ∞∑
j=1
|c j|p
) 1
p
.
In view of (3.10) we now get
∫
D
∣∣∣∣∣
∞∑
j=1
c j
∂nz K
γ
λ j
(z)
‖Kγλ j (z)‖p,ω
∣∣∣∣∣
q
dμ k‖ f ‖qp,ω  k
( ∞∑
j=1
|c j|p
) q
p
.
Replace now c j with r j(t)c j (so that the right-hand side does not change) and then integrate with respect to t from 0 to 1.
Applying Fubini’s theorem and then Khinchine’s inequality, we deduce
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∫
D
( ∞∑
j=1
|c j|2
|∂nz Kγλ j (z)|2
‖Kγλ j (z)‖2p,ω
) q
2
dμ(z)
∫
D
1∫
0
∣∣∣∣∣
∞∑
j=1
r j(t) ·
∂nz K
γ
λ j
(z)
‖Kγλ j (z)‖p,ω
· c j
∣∣∣∣∣
q
dt dμ(z)
 k
( ∞∑
j=1
|c j|p
) 1
p
. (3.11)
For β ∈ (0,1), we clearly have
χDλ j ,β (z) k ·
1− |λ j|2
|1− λ j z|
(3.12)
and any z ∈ D does not belong to more than I = I(c, β) disks Dλ j ,β . Then, using (3.11)–(3.12) we obtain
∞∑
j=1
|c j|q ·
μ(Dλ j ,β)
(1− |λ j|)nq(
∫
Dλ j ,β
ωdA)
q
p
=
∫
D
∞∑
j=1
|c j|qχDλ j ,β
(1− |λ j|)nq(
∫
Dλ j ,β
ωdA)
q
p
dμ(z)
 I
∫
D
( ∞∑
j=1
|c j|2χDλ j ,β
(1− |λ j|)2n(
∫
Dλ j ,β
ωdA)
2
p
) q
2
dμ(z)
 k
∫
D
( ∞∑
j=1
|c j|2
(
∫
Dλ j ,β
ωdA)
2
p
· (1− |λ j|)
2(γ+2)
|1− λ¯ j z|2(γ+2+n)
) q
2
dμ(z)
 k
∫
D
( ∞∑
j=1
|c j|2 ·
|∂nz Kγλ j (z)|2
‖Kγλ j (z)‖2p,ω
) q
2
dμ(z) k ·
( ∞∑
j=1
|c j|p
) 1
p
.
Since (c j) j ∈ lp was arbitrarily chosen, we deduce(
μ(Dλ j,β)
(1− |λi|)nq(
∫
Dλ j ,β
ωdA)
q
p
)
j
∈ l pp−q = (l pq )∗,
so that
∞∑
j=1
(
μ(Dλ j ,β)
(1− |λi|)nq
∫
Dλ j ,β
ωdA
) p
p−q
·
∫
Dλ j ,β
ωdA < ∞. (3.13)
To get a continuous version of the above, let β ∈ (0,1) be such that
D =
⋃
j1
Dλ j,β/2,
and let 0 < α  β/(β + 2). Then, for z ∈ Dλ,β/2, we have Dz,α ⊆ Dλ,β , λ ∈ D. Hence, in view of Lemma 2.2, we obtain∫
D
(
μ(Dz,α)
(1− |z|)nq ∫Dz,α ωdA
) p
p−q
ω(z)dA(z)
∞∑
k=1
∫
Dλ j ,β/2
(
μ(Dz,α)
(1− |z|)nq ∫Dz,α ωdA
) p
p−q
ω(z)dA(z)
 k
∞∑
k=1
(
μ(Dλ j ,β)
(1− |λ j|)nq
∫
Dλ j ,β
ωdA
) p
p−q ∫
Dλ j ,β
ωdA < ∞,
by (3.13). Thus(
z → μ(Dz,α)
(1− |z|)nq ∫Dz,α ωdA
)
∈ Lp/(p−q)(ω). 
Theorems 3.1, 3.2 give a characterization of the positive ﬁnite Borel measures μ for which the operator
Dn =
(
∂
)n
: Lpa (ω) → Lq(μ), n ∈ N,
∂z
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p
a (ω) → Lp(μ) to
be bounded. The measures μ with this property are called Carleson measures for Lpa (ω), and putting p = q, n = 0 in
Theorem 3.1, we note that the condition they satisfy is independent of p.
Using very similar methods to those above, one can also characterize the compactness of Dn . In particular, we get
a characterization of the vanishing Carleson measures for Lpa (ω), i.e. the measures μ for which the inclusion map ip is
compact. We include a sketch of the proof for the sake of completeness.
Theorem 3.3. Let p0 , η, ω, n, μ be as in Theorems 3.1, 3.2, and Dn be as above.
(i) For 0 < p  q, the operator Dn is compact if and only if
μ(Dλ,α)
(1− |λ|2)nq(∫Dλ,α ωdA)q/p → 0, as |λ| → 1. (3.14)
(ii) For 0 < q < p, if the operator Dn is bounded, then it is compact.
Proof. To prove that Dn is compact, it suﬃces to show that Dn fm → 0 in Lqa(ω) whenever ( fm)m is a bounded sequence in
Lpa (ω) which converges to zero uniformly on compact subsets of D. Assume ( fm)m is such a sequence and let M be such
that ‖ fm‖p,ω  M for all m ∈ N.
(i) Suppose (3.14) holds and let ( fm)m be as above. Then, as in the proof of Theorem 3.1, relation (3.9), we have∫
D
∣∣ f (n)m (z)∣∣q dμ(z) k
∫
D
μ(Dζ,α)
(1− |ζ |2)nq ∫Dζ,β ωdA
∣∣ fm(ζ )∣∣(q−p)+pω(ζ )dA(ζ )
 kMq−p
∫
D
μ(Dζ,α)
(1− |ζ |2)nq(∫Dζ,β ωdA)q/p
∣∣ fm(ζ )∣∣pω(ζ )dA(ζ ), (3.15)
where α ∈ (0,1), 0 < β < α/(α + 1). Since ( fm)m converges uniformly to 0 on the compact subsets of D, we obviously have
lim
m→∞
∫
|ζ |r
μ(Dζ,α)
(1− |ζ |2)nq(∫Dζ,β ωdA)q/p
∣∣ fm(ζ )∣∣pω(ζ )dA(ζ ) = 0,
where r ∈ (0,1). For ε > 0, let r ∈ (0,1) be such that
μ(Dζ,α)
(1− |ζ |2)nq(∫Dζ,β ωdA)q/p < ε, for |ζ | > r.
Using our last two considerations in (3.15), we deduce
limsup
m→∞
∫
D
∣∣ f (n)m (z)∣∣q dμ(z) limsup
m→∞
kMq−p
∫
|ζ |>r
μ(Dζ,α)
(1− |ζ |2)nq(∫Dζ,β ωdA)q/p
∣∣ fm(ζ )∣∣pω(ζ )dA(ζ ) kMpε.
As ε was arbitrarily chosen, we obtain that Dn is compact.
Suppose now that Dn is compact. For λ ∈ D and
γ = (η + 2)p0/p − 2
let
fλ(z) = K
γ+1
λ (z)
‖Kγ+1λ ‖p,ω
, z ∈ D.
Clearly ‖ fλ‖p,ω = 1, and fλ converges to zero, uniformly on the compact subsets of D, since by Lemmas 2.3 and 2.1, we
have
1= Kγλ (0)
k∫
D0,1/2
ωdA
∥∥Kγλ ∥∥p,ω  k (
∫
Dλ,α
ωdA)1/p
(1− |λ|)γ+2 ,
and hence ‖K γ+1λ ‖−1p,ω → 0 as |λ| → 1. The compactness of Dn implies ‖Dn fλ‖Lq(μ) → 0, as |λ| → 1. Thus
μ(Dλ,α)
(1− |λ|2)nq(∫Dλ,α ωdA)q/p  k
∫
Dλ,α
|∂nz Kγ+1λ (z)|q
‖Kγ+1λ ‖qp,ω
dμ(z)
 k
∥∥Dn fλ∥∥qq → 0, as |λ| → 1.L (μ)
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D
∣∣ f (n)m (z)∣∣q dμ(z) k
∫
D
μ(Dζ,α)
(1− |ζ |2)nq ∫Dζ,α ωdA
∣∣ fm(ζ )∣∣qω(ζ )dA(ζ ).
Since ( fm)m converges to zero uniformly on the compact subsets of D, a straightforward argument shows that, for r ∈ (0,1),
we have
limsup
m→∞
∫
D
∣∣ f (n)m (z)∣∣q dμ(z) k limsup
m→∞
∫
|ζ |>r
μ(Dζ,α)
(1− |ζ |2)nq ∫Dζ,β ωdA
∣∣ fm(ζ )∣∣qω(ζ )dA(ζ )
 kMq
( ∫
|ζ |>r
(
μ(Dζ,α)
(1− |ζ |2)nq ∫Dζ,β ωdA
)p/(p−q)
ω(ζ )dA(ζ )
)(p−q)/p
,
by Hölder’s inequality. Theorem 3.2 ensures that the last expression above can be made arbitrarily small by choosing r
suﬃciently close to 1. With this, the proof is complete. 
4. Applications to Toeplitz-type operators
For a positive ﬁnite Borel measure μ on D, we want to deﬁne a Toeplitz-type operator Tμ by means of the sesquilinear
form
〈Tμ f , g〉 =
∫
D
f (z)g(z)dμ(z), (4.16)
where f , g are analytic on a neighborhood of D¯ (these functions are dense in L2a(ω)). We have the following
Theorem 4.1. Let ω be a weight function such that ω(z)/(1 − |z|2)η belongs to Bp0 (η) for some p0 > 1, η > −1, and consider a
positive ﬁnite Borel measure μ on D. Then Tμ extends to a bounded linear operator on L2a(ω) if and only if μ is a Carleson measure
for L2a(ω).
Proof. If Tμ is bounded on L2a(ω), we have
〈Tμ f , f 〉 =
∫
D
∣∣ f (z)∣∣2 dμ(z) k‖ f ‖22,ω, f ∈ L2a(ω).
Thus μ is a Carleson measure.
Conversely, assume μ is a Carleson measure. Then, for f , g analytic in a neighborhood of D¯, we have
∣∣〈Tμ f , g〉∣∣
∫
D
∣∣ f (z)g(z)∣∣dμ(z) k‖ f g‖1,ω  k‖ f ‖2,ω‖g‖2,ω,
since f g ∈ L1a(ω), and by the independence of p of the Carleson condition for Lpa (ω), p > 0. Hence Tμ is bounded. 
Remark 4.1. Note that replacing g by the reproducing kernel K (·, z) in (4.16) we get
Tμ f (z) =
〈
Tμ f , K (·, z)
〉= ∫
D
f (w)K (z,w)dμ(w), z ∈ D,
since K (z,w) = K (w, z).
Theorem 4.2. Let p0 , η, ω, μ be as in Theorem 4.1. Then Tμ is compact on L2a(ω) if and only if μ is a vanishing Carleson measure for
L2a(ω), i.e. μ satisﬁes (3.14) for n = 0, p = q.
Proof. The proof follows immediately once we notice that Tμ = i∗2i2, where i2 : L2a(ω) → L2(μ) is the inclusion operator.
Then Tμ compact if and only if i2 is compact. 
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this end let us ﬁrst recall that if (en)n1 is an orthonormal basis of L2a(ω), then the Bergman kernel in L
2
a(ω) is given by
K (z,w) =∑n1 en(z)en(w). In particular, we have
K (z, z) =
∑
n1
∣∣en(z)∣∣2. (4.17)
We also need the following lemma:
Lemma 4.1. Suppose η > −1 and ω is a weight function such that ω
(1−|z|2)η belongs to Bp0(η) for some p0 > 1. Let K (z,w) be the
Bergman kernel in L2a(ω) and let α ∈ (0,1). Then we have the following estimate
K (z, z) ∼
( ∫
Dz,α
ωdA
)−1
, z ∈ D. (4.18)
Proof. By Lemma 2.3 we have
∣∣K (ζ, z)∣∣ k
(
∫
Dζ,α
ωdA)1/2
∥∥K (·, z)∥∥2,ω = k(∫Dζ,α ωdA)1/2
√
K (z, z).
Putting ζ = z above we deduce one of the inequalities in (4.18).
Let us now prove the reverse inequality. For γ = (η + 2)p0/2− 2, λ ∈ D, we put
fλ(z) = Kγλ (z) =
1
(1− λ¯z)γ+2 .
We have
1
(1− |λ|2)γ+2 = fλ(λ) =
〈
fλ, K (·, λ)
〉
L2a (ω)
 ‖ fλ‖2,ω
∥∥K (·, λ)∥∥2,ω.
Hence√
K (λ,λ) = ∥∥K (·, λ)∥∥2,ω  1(1− |λ|2)γ+2‖ fλ‖2,ω 
k∫
Dλ,α
ωdA
,
by Lemma 2.1. 
We can now state the main theorem in this section.
Theorem 4.3. Assume p0 , η, ω, μ are as in Theorem 4.1. Then, for p  1, Tμ belongs to the Schatten class S p if and only if
∑
i1
(
μ(Dλi ,1/2)∫
Dλi ,1/2
ωdA
)p
< ∞, (4.19)
where λi , i  1, are points in D, corresponding to some decomposition Dc of D described in Preliminaries.
Proof. Recall that for p  1, we have Tμ ∈ S p if and only if∑
n1
∣∣〈Tμen, en〉∣∣p < ∞,
for any orthonormal basis {en}n1 of L2a(ω).
Let us ﬁrst prove the suﬃciency of (4.19). Consider a decomposition Dc of D as in Preliminaries. For an arbitrary or-
thonormal basis {en}n1 of L2a(ω), we have
〈Tμen, en〉 =
∑
n1
∫
D
∣∣en(z)∣∣2 dμ(z) =
∫
D
K (z, z)dμ(z)

∑
i1
∫
Dλ ,1/2
K (z, z)dμ(z)i
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∑
i1
∫
Dλi ,1/2
( ∫
Dz,α
ωdA
)−1
dμ(z)
 k
∑
i1
μ(Dλi ,1/2)∫
Dλi ,1/2
ωdA
,
by relation (4.17) and Lemmas 4.1 and 2.2. Hence
Tμ ∈ S1 if
∑
i1
μ(Dλi ,1/2)∫
Dλi ,1/2
ωdA
< ∞. (4.20)
On the other hand, examining closely the proof of the suﬃciency in Theorem 3.1, we observe that we can replace the
condition (3.6) corresponding to n = 0, p = q, by its discrete version
sup
i1
μ(Dλi ,1/2)∫
Dλi ,1/2
ωdA
< ∞.
Combining this fact with Theorem 4.1 we deduce
Tμ ∈ S∞ if sup
i1
μ(Dλi ,1/2)∫
Dλi ,1/2
ωdA
< ∞.
It then follows by interpolation that
Tμ ∈ S p if
∑
i1
(
μ(Dλi ,1/2)∫
Dλi ,1/2
ωdA
)p
< ∞.
Let us now turn to the necessity. Assume Tμ ∈ S p . If A : L2a(ω) → L2a(ω) is a bounded linear operator that is onto, then
we have A∗TμA ∈ S p . Let λ j ∈ D, j  1, correspond to a decomposition Dc of D (c > 1) described in Preliminaries. As
before, we can assume without loss of generality that p0  2. For γ = (η+ 2)p0/2− 2 and {e j(z)} j1, an orthonormal basis
in L2a(ω), we deﬁne
Ae j(z) =
Kγλ j (z)
‖Kγλ j‖2,ω
, z ∈ D.
Now for c > 1 close to 1, A extends to a bounded linear operator on L2a(ω), that is also onto (see [4]). As A
∗TμA ∈ S p and
p  1, the following holds∑
j1
∣∣〈A∗TμAe j, e j 〉L2a (ω)∣∣p < ∞. (4.21)
On the other hand∑
j1
∣∣〈A∗TμAe j, e j 〉L2a (ω)∣∣p =∑
j1
∣∣〈TμAe j, Ae j〉L2a (ω)∣∣p
=
∑
j1
∣∣∣∣
〈
Tμ
Kγλ j
‖Kγλ j‖2,ω
,
Kγλ j
‖Kγλ j‖2,ω
〉
L2a (ω)
∣∣∣∣
p
=
∑
j1
∣∣∣∣
∫
D
|Kγλ j (z)|2
‖Kγλ j‖22,ω
dμ(z)
∣∣∣∣
p

∑
j1
( ∫
D
λ j ,
1
2
|Kγλ j (z)|2
‖Kγλ j‖22,ω
dμ(z)
)p
.
Notice that for z ∈ Dλ j ,1/2 we have |1 − λ¯ j z| ∼ (1 − |λ j |2), and hence |K γλ j (z)| ∼ |K
γ
λ j
(λ j)|. We use this, together with
Lemma 2.1 in the last relation above to deduce
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j1
∣∣〈A∗TμAe j, e j 〉L2a (ω)∣∣p  k∑
j1
( |Kγλ j (λ j)|2
‖Kγλ j‖2p,ω
∫
D
λ j ,
1
2
dμ(z)
)p
 k
∑
j1
( μ(D
λ j ,
1
2
)∫
D
λ j ,
1
2
ωdA
)p
,
and (4.19) follows in view of (4.21). 
5. Applications to a class of integration operators
The aim of this section is to characterize the analytic symbols g for which the operator T g : L2a(ω) → L2a(ω) given by
T g f (z) =
z∫
0
f (ξ)g′(ξ)dξ (5.22)
belongs to S p , p  2. The next proposition is useful tool for the study of T g .
Proposition 5.1. (See [1].) Consider p > 0, p0 > 1, η > −1. If ω is a weight function such that ω(z)/(1 − |z|)η belongs to Bp0(η),
then we have
‖ f ‖Lpa (ω) ∼
(∥∥ f ′(1− |z|2)∥∥Lp(ω) + ∣∣ f (0)∣∣),
for any analytic function f .
The characterization of boundedness and compactness for T g , follows immediately from Theorems 3.1 and 3.2. Therefore
we recover the following result from [1].
Corollary 5.1. (See [1].) Suppose η > −1 and ω is a weight function such that ω
(1−|z|2)η belongs to Bp0 (η) for some p0 > 1.
(i) For 0 < p  q the operator T g : Lpa (ω) → Lqa(ω) is bounded if and only if for some ﬁxed α ∈ (0,1) we have
∣∣g′(λ)∣∣ k( ∫
Dλ,α
ωdA
) 1
p − 1q
· (1− |λ|)−1, λ ∈ D.
Moreover, T g is compact if and only if
∣∣g′(λ)∣∣(1− |λ|)( ∫
Dλ,α
ωdA
) 1
q − 1p
→ 0 as |λ| → 1.
(ii) For 0 < q < p, the operator T g : L
p
a (ω) → Lqa(ω) is bounded if and only if g ∈ Lsa(ω), where 1s = 1q − 1p . Moreover, if T g is bounded,
then it is compact.
Proof. Proposition 5.1 gives
‖T g f ‖qq,ω ∼
∫
D
∣∣ f (z)∣∣q∣∣g′(z)∣∣q(1− |z|2)qω(z)dA(z).
The statement now follows by applying Theorems 3.1 and 3.2, respectively Theorem 3.3 for dμ(z) = |g′(z)|q(1 − |z|2)q ·
ω(z)dA(z). 
Theorem 5.1. Let p  2, and assume η, p0 , ω are as in Corollary 5.1. For an analytic function g, consider the operator T g : L2a(ω) →
L2a(ω), given by (5.22). Then T g ∈ S p if and only if g belongs to the analytic Besov space Bp , that is∫
D
∣∣g′(z)∣∣p(1− |z|2)p−2 dA(z) < ∞.
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mal basis in L2a(ω). Applying now Proposition 5.1 together with Lemma 4.1 we deduce
∑
n1
‖T gen‖2 =
∑
n1
∥∥∥∥∥
z∫
0
en(ζ )g
′(ζ )dζ
∥∥∥∥∥
2
2,ω
∼
∑
n1
∫
D
∣∣en(z)∣∣2∣∣g′(z)∣∣2(1− |z|2)2ω(z)dA(z)
=
∫
D
K (z, z)
∣∣g′(z)∣∣2(1− |z|2)2ω(z)dA(z)
∼
∫
D
∣∣g′(z)∣∣2 (1− |z|2)2ω(z)∫
Dz,α
ωdA
dA(z). (5.23)
In order to deduce T g ∈ S2, it is enough to prove the inequality∫
D
∣∣g′(z)∣∣2 (1− |z|2)2ω(z)∫
Dz,α
ωdA
dA(z) k
∫
D
∣∣g′(z)∣∣2 dA(z).
But this follows by setting dμ = (1−|z|2)2ω(z)∫
Dz,α
ωdA
dA(z) and ω ≡ 1 in Theorem 3.1. Indeed, for λ ∈ D, by Lemma 2.2 we have
μ(Dλ,α) =
∫
Dλ,α
(1− |z|2)2ω(z)∫
Dz,α
ωdA
dA(z) k
(
1− |λ|2)2
∫
Dλ,α
ωdA∫
Dλ,α
ωdA
= k
∫
Dλ,α
1dA,
and hence (3.6) is veriﬁed (the fact that μ is a ﬁnite measure obviously follows from the above inequality). Thus
g ∈ B2 ⇒ T g ∈ S2.
On the other hand, by Corollary 5.1, we have
g ∈ B∞ ⇒ T g ∈ S∞.
Here we recall (see [16]) that B∞ is the Bloch space, i.e. the space of analytic functions h in D with supz∈D(1 −
|z|)|h′(z)| < ∞. It then follows by interpolation that
g ∈ Bp ⇒ T g ∈ S p, 2 < p < ∞.
Let us now turn to the necessity. Assume T g ∈ S p . This is equivalent to T ∗g T g ∈ S p/2. Since p  2 we deduce that for any
orthonormal basis {en}n in L2a(ω) we have∑
n1
‖T gen‖p =
∑
n1
∣∣〈T ∗g T gen, en〉L2a (ω)∣∣p/2 < ∞. (5.24)
But, by Proposition 5.1 we have
‖T gen‖22,ω ∼
∫
D
∣∣en(z)∣∣2∣∣g′(z)∣∣2(1− |z|2)2ω(z)dA(z) = 〈Tμen, en〉, n 1,
where dμ(z) = |g′(z)|2(1− |z|2)2ω(z)dA(z). Relation (5.24) now implies∑
n1
∣∣〈Tμen, en〉∣∣p/2 < ∞,
for any orthonormal basis {en}n in L2a(ω), and hence Tμ ∈ S p/2. Then, by Theorem 4.3, the measure μ satisﬁes
∑
i1
(
μ(Dλi ,1/2)∫
Dλi ,1/2
ωdA
)p/2
< ∞, (5.25)
where λi ∈ D, i  1, correspond to a decomposition Dc of D described in Preliminaries.
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D
∣∣g′(z)∣∣p(1− |z|2)p−2 dA(z) =∑
i1
∫
Q i
∣∣g′(z)∣∣p(1− |z|2)p−2 dA(z)
 k
∑
i1
∣∣g′(ζi)∣∣p(1− |λi |2)p (5.26)
where ζi ∈ Q i is such that |g′(ζi)| = supQ i |g′|.
As in (3.7), for β ∈ (0,1), we have∣∣g′(ζi)∣∣2  k∫
Dζi ,β
ωdA
∫
Dζi ,β
∣∣g′(z)∣∣2ω(z)dA(z),
and, for β small enough, we have Dζi ,β ⊂ Dλi ,1/2. Then use the last relation above together with Lemma 2.2 in (5.26) to
deduce∫
D
∣∣g′(z)∣∣p(1− |z|2)p−2 dA(z) k∑
i1
(
(1− |λi|2)2∫
Dλi ,1/2
ωdA
∫
Dλi ,1/2
∣∣g′(z)∣∣2ω(z)dA(z))p/2
 k
∑
i1
(
μ(Dλi ,1/2)∫
Dλi ,1/2
ωdA
)p/2
< ∞,
by (5.25). Thus g ∈ Bp . 
6. Applications to composition operators
Let φ :D → D be an analytic self-map of D. The composition operator Cφ is deﬁned by Cφ f = f ◦ φ. For a positive
weight function ω integrable on D, denote by dmω the measure ωdA, and consider the pullback measure of mω under the
mapping φ, given by
μ(E) =mω
(
φ−1(E)
)
,
for any Borel subset E of D.
Theorem 6.1. Let ω be a weight function such that ω(z)/(1 − |z|2)η belongs to Bp0(η) for some p0 > 1, η > −1. Assume φ is an
analytic self-map of D, and let μ be the pullback measure corresponding to ω and φ deﬁned above.
(i) If 0 < p  q < ∞ the operator Cφ : Lpa (ω) → Lqa(ω) is bounded if and only if μ satisﬁes (3.6) with n = 0, that is∫
φ−1(Dλ,α)
ωdA  k
( ∫
Dλ,α
ωdA
)q/p
, λ ∈ D,
for some α ∈ (0,1). Moreover, Cφ is compact if and only if the “little oh” version of the above condition holds, that is μ satis-
ﬁes (3.14) with n = 0.
(ii) If 0 < q < p < ∞ the operator Cφ : Lpa (ω) → Lqa(ω) is bounded if and only if the function
D  λ → μ(Dλ,α)∫
Dλ,α
ωdA
=
∫
φ−1(Dλ,α) ωdA∫
Dλ,α
ωdA
belongs to Lp/(p−q)(ω), for some α ∈ (0,1). If Cφ is bounded, then it is compact.
Proof. The assertions follow immediately from Theorems 3.1, 3.2, 3.3 once we notice that
‖Cφ f ‖qq,ω =
∫
D
| f ◦ φ|qωdA =
∫
D
| f |q dμ, f ∈ Lpa (ω). 
We shall now study the Schatten class membership of Cφ : L2a(ω) → L2a(ω). If Cφ is bounded on L2a(ω), then its adjoint
C∗φ may be computed as
C∗φ f (z) =
〈
C∗φ f , K (·, z)
〉= 〈 f ,CφK (·, z)〉= 〈 f , K (φ, z)〉, z ∈ D,
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∗
φ is given by C
∗
φ f (z) =
∫
D
f (w)K (z, φ(w))dmω(w),
and we have
C∗φCφ f (z) =
∫
D
f
(
φ(w)
)
K
(
z, φ(w)
)
dmω(w) =
∫
D
f (ζ )K (z, ζ )dμ(ζ ) = Tμ f (z).
Hence Cφ ∈ S p if and only if Tμ ∈ S p/2, and we are led to
Theorem 6.2. Let ω be a weight function such that ω(z)/(1 − |z|2)η belongs to Bp0 (η) for some p0 > 1, η > −1. Assume φ is an
analytic self-map of D, and let μ be the pullback measure deﬁned above corresponding to ω and φ . Then Cφ : L2a(ω) → L2a(ω) belongs
to the Schatten class S p , p  2, if and only if μ satisﬁes (4.19), that is
∑
i1
(∫
φ−1(Dλi ,1/2)
ωdA∫
Dλi ,1/2
ωdA
)p/2
< ∞,
where λi , i  1, are points in D, corresponding to a decomposition Dc of D described in Preliminaries.
References
[1] A. Aleman, O. Constantin, Spectra of integration operators on weighted Bergman spaces, J. Anal. Math., in press.
[2] A. Aleman, A. Siskakis, Integration operators on Bergman spaces, Indiana Univ. Math. J. 46 (2) (1997) 337–356.
[3] D. Békollé, Inégalité à poids pour le projecteur de Bergman dans la boule unité de Cn , Studia Math. 71 (3) (1981/82) 305–323.
[4] O. Constantin, Discretizations of integral operators and atomic decompositions in vector-valued weighted Bergman spaces, Integral Equations Operator
Theory 59 (4) (2007) 523–554.
[5] C.C. Cowen, B.D. MacCluer, Composition Operators on Spaces of Analytic Functions, Stud. Adv. Math., CRC Press, Boca Raton, FL, 1995.
[6] D. Gu, A Carleson measure theorem for weighted Bergman spaces, Complex Variables Theory Appl. 21 (1–2) (1993) 79–86.
[7] W.W. Hastings, A Carleson measure theorem for Bergman spaces, Proc. Amer. Math. Soc. 52 (1975) 237–241.
[8] D. Luecking, Embedding theorems for spaces of analytic functions via Khinchine’s inequality, Michigan Math. J. 40 (2) (1993) 333–358.
[9] D. Luecking, Trace ideal criteria for Toeplitz operators, J. Funct. Anal. 73 (2) (1987) 345–368.
[10] D. Luecking, Forward and reverse Carleson inequalities for functions in Bergman spaces and their derivatives, Amer. J. Math. 107 (1) (1985) 85–111.
[11] D. Luecking, Representation and duality in weighted spaces of analytic functions, Indiana Univ. Math. J. 34 (1985) 319–336.
[12] V.L. Oleinik, B.S. Pavlov, Embedding theorems for weighted classes of harmonic and analytic functions, J. Soviet Math. 2 (1974) 135–142; translation
in: Zap. Nauchn. Sem. LOMI Steklov 22 (1971).
[13] J.H. Shapiro, The essential norm of a composition operator, Ann. of Math. 125 (1987) 375–404.
[14] J.H. Shapiro, Composition Operators and Classical Function Theory, Universitext: Tracts in Mathematics, Springer, New York, 1993.
[15] D. Stegenga, Multipliers of the Dirichlet space, Illinois J. Math. 24 (1) (1980) 113–139.
[16] K. Zhu, Operator Theory in Function Spaces, second ed., Math. Surveys Monogr., vol. 138, American Mathematical Society, Providence, RI, 2007.
